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7SUPPLEMENTAL MATERIAL
Here we prove those results reported in the article
“Device-independent tests of quantum measurements” by
the present authors (M. Dall’Arno, S. Brandsen, F. Bus-
cemi, and V. Vedral) whose proofs, being lengthy but
relatively straightforward, has only been outlined in the
main text. The numbering of statements follows that of
the article.
Corollary 1. An output probability distribution q = {qy}
belongs to the set S1(D†λ(pi)) if and only if
||q||22 ≤
λ2 + 2
6
, (10)
if pi is a real SIC, and
||q||22 ≤
λ2 + 3
12
, (11)
if pi is a complex SIC.
Proof. Let us first prove the real case. The POVM
piy = |piy〉 〈piy| with |piy〉 = Uy |0〉 where U := e−ipi3 Y is
the unique (up to unitaries and anti-unitaries) real SIC
POVM of a qubit. Thus, t and Q are given by
t =
1
3
11
1
 , Q = λ
18
 2 −1 −1−1 2 −1
−1 −1 2
 .
Let us first take λ > 0. The equality in Eqs. (8) be-
comes
∑2
y=0 qy = 1. The inequality in Eqs. (8) becomes
(q − t)TQ+(q − t) = λ−2
(
6
2∑
y=0
q2y − 2
)
≤ 1,
through use of the identity
∑
y<z qyqz =
1
2 (1−
∑
y q
2
y).
Let us now take λ = 0. The equality in Eqs. (8) be-
comes q = t. The inequality in Eqs. (8) is trivially satis-
fied. Then Eq. (10) immediately follows.
Let us then prove the complex case. The POVM piy =
1
2 |piy〉 〈piy| with
|piy〉 := σy
(
cos
arctan
√
2
2
|0〉+ eipi4 sin arctan
√
2
2
|1〉
)
,
where σ := (1 2, σX , σY , σZ) are the Pauli matrices, is the
unique (up to unitaries and anti-unitaries) SIC POVM of
a qubit. Thus, t and Q are given by
t =
1
4

1
1
1
1
 , Q = λ48

3 −1 −1 −1
−1 3 −1 −1
−1 −1 3 −1
−1 −1 −1 3
 .
Let us first take λ > 0. The equality in Eqs. (8) be-
comes
∑3
y=0 qy = 1. The inequality in Eqs. (8) becomes
(q − t)TQ+(q − t) = λ−2
(
12
2∑
y=0
q2y − 3
)
≤ 1,
through use of the identity
∑
y<z qyqz =
1
2 (1−
∑
y q
2
y).
Let us now take λ = 0. The equality in Eqs. (8) be-
comes q = t. The inequality in Eqs. (8) is trivially satis-
fied. Then Eq. (11) immediately follows.
Corollary 2. An output probability distribution q = {qy}
b belongs to the set S1(D†λ(pi)) if and only if{
q2y + q2y+1 =
1
2 , y = 0, 1,
||q||22 ≤ λ
2+2
8 ,
(12)
if pi is a real MUB,and{
q2y + q2y+1 =
1
3 , y = 0, 1, 2,
||q||22 ≤ λ
2+3
18 ,
(13)
if pi is a complex MUB.
Proof. Let us first prove the real case. The POVM piy =
|piy〉 〈piy| with σk |pi2k,2k+1〉 = ± |pi2k,2k+1〉 with k = 0, 1
is the unique (up to unitaries and anti-unitaries) real SIC
POVM of a qubit. Thus, t and Q are given by
t =
1
4

1
1
1
1
 , Q = 116

1 −1 0 0
−1 1 0 0
0 0 1 −1
0 0 −1 1
 .
Let us first take λ > 0. The equality in Eqs. (8) be-
comes q0 +q1 = q2 +q3 = 1/2. The inequality in Eqs. (8)
becomes
(q − t)TQ+(q − t) = λ−2
(
8
2∑
y=0
q2y − 2
)
≤ 1,
through use of the identity q0q1 = − 12 (q20 + q21) + 18 .
Let us now take λ = 0. The equality in Eqs. (8) be-
comes q = t. The inequality in Eqs. (8) is trivially satis-
fied. Then Eq. (12) immediately follows.
Let us then prove the complex case. The POVM piy =
|piy〉 〈piy| with σk |pi2k,2k+1〉 = ± |pi2k,2k+1〉 with k = 0, 1, 2
is the unique (up to unitaries and anti-unitaries) real SIC
POVM of a qubit. Thus, t and Q are given by
t =
1
6

1
1
1
1
1
1
 . Q =
1
36

1 −1 0 0 0 0
−1 1 0 0 0 0
0 0 1 −1 0 0
0 0 −1 1 0 0
0 0 0 0 1 −1
0 0 0 0 −1 1
 .
8Let us now take λ > 0. The equality in Eqs. (8) be-
comes q0 + q1 = q2 + q3 = q4 + q5 = 1/3. The inequality
in Eqs. (8) becomes
(q − t)TQ+(q − t) = λ−2
(
18
2∑
y=0
q2y − 3
)
≤ 1,
through use of the identity q0q1 = − 12 (q20 + q21) + 118 .
Let us now take λ = 0. The equality in Eqs. (8) be-
comes q = t. The inequality in Eqs. (8) is trivially satis-
fied. Then Eq. (13) immediately follows.
Proposition 3. For any qubit POVM {piy}, one has that
−1
4
≤ Qy0,y1 :=
1
2
Tr[piy0piy1 ]−
1
4
Tr[piy0 ] Tr[piy1 ] ≤
1
4
,
where the bounds are saturated if piy0 and piy1 are rank-
one, unit-trace, orthogonal (for the lower bound) or co-
incident (for the upper bound) effects.
Proof. The problem consists in maximizing (minimizing)
the quantity 2 Tr[AB] − Tr[A] Tr[B] over 0 ≤ A ≤ 1 ,
0 ≤ B ≤ 1 , under the constraint that either A = B
(diagonal elements of Q), or A + B ≤ 1 (off-diagonal
elements of Q). In the following we relax this constraint,
at the end we will show that our solutions satisfy it.
For any given A with eigenvalues a0 ≥ a1 and cor-
responding eigenvectors φ0 and φ1, one has A = (a0 −
a1)φ0 + a11 , hence
2 Tr[AB]− Tr[A] Tr[B] = (a0 − a1) Tr[(φ0 − φ1)B].
Therefore, the maximum (minimum, respectively) over
B for fixed A is a0 − a1 (a1 − a0, respectively) attained
when B = φ0 (B = φ1, respectively).
Now, the maximum (minimum, respectively) over A
of a0 − a1 (a1 − a0, respectively) is 1 (−1, respectively),
attained when A is a rank-one, unit-trace effect. Hence,
the maximum over A and B is attained when A and B are
rank-one, unit-trace, coincident effects, that is A = B,
while the minimum over A and B is attained when A
and B are rank-one, unit-trace, orthogonal effects, that
is A+B = 1 . Thus, the constraint is verified.
